Bulk thermodynamics, in which phases with an infinite uniform extension are assumed, 1 is often utilized to explain and predict physical phenomena. However, some processes, such as those that occur in batteries, can deviate from the lowest-energy path according to bulk thermodynamics (hereafter referred to as the bulk thermodynamic path) for several reasons. The most common reason is kinetic in origin: sluggish kinetics can lead to an evolution path that significantly deviates from the bulk thermodynamic path. 2 Other reasons include non-bulk thermodynamics that significantly alter the thermodynamic behavior of the material, 3 such as interfacial energy penalties, 4 surface effects, 5 and coherency strain stemming from the misfit between different phases, 4, 6, 7 all of which affect the dynamics in nanostructured materials.
One such case is the (dis)charge of nanoparticulate two-phase intercalation compounds. In many intercalation compounds, lithium insertion leads to a transformation from lithium-poor to lithium-rich phases. However, phase separation within a particle (or "intraparticle phase separation") can be hindered by the aforementioned kinetic limitations 6, 8, 9 or non-bulk thermodynamic energetics. 3, 10 When intraparticle phase separation is suppressed, the system's evolution follows a path different from the bulk thermodynamic path. This suppression leads to a process referred to as "interparticle phase separation," where particles approach either the nearly fully lithiated or delithiated equilibrium state by redistributing Li. In this paper, we study the interaction kinetics between nanoparticles. Both interparticle phase separation and intraparticle phase separation are examined. A comparison between these two types of interactions offers critical insights that can help the experimental identification of the prevalent interaction that occurs in cells. In a collection of particles with a wide size distribution, particles that remain monophasic are likely to coexist with particles that undergo intraparticle phase separation because the tendency to suppress intraparticle phase separation is size dependent. 3 If the phase separation were suppressed by non-bulk thermodynamics, particles would be expected to remain monophasic below a critical size, whereas particles would be expected to phase separate within themselves above that size, independent of current density. In contrast, if the phase separation is kinetically suppressed, this threshold would be current-density dependent. 8 The interactions between particles have been suggested to be significant in nanoparticulate lithium iron phosphate (LiFePO 4 ), a cathode material that exhibits unexpectedly high charge and discharge rates. 11 These interactions were first proposed by Dreyer et al. 12 and have been extensively studied since then. 9, [13] [14] [15] [16] [17] [18] However, the precise phase-transformation path has not yet been identified, and the literature contains conflicting claims. 9, [19] [20] [21] [22] [23] To investigate the kinetics of the particle interactions, we simulate the lithiation of a cell containing only two particles of different sizes (similar to the simple configurations employed in Refs. 24 and 25) . This simple configuration allows us to systematically examine the detailed dynamics of the lithiation process, which would be difficult to isolate if more particles were present. Here, we vary the size of the particles to alter the tendency for interparticle or intraparticle phase separation. First, we investigate the dynamics of interparticle phase separation. Then, we analyze the dynamics of intraparticle phase separation. Finally, we consider the special case in which intraparticle phase separation is suppressed only in the smaller particle. To the best of our knowledge, this work provides the first comparison of the particle interactions between the three cases mentioned above. As it will be shown, the results can lead to a path for determining the transition particle size below which phase transformation proceeds through the metastable solid solution path.
In this paper, our objective is to elucidate the generic kinetics of nanoparticle interactions, not the single-particle intercalation pathway. We select some parameters of LiFePO 4 for the simulations because it possesses a tendency toward phase separation. However, not all the characteristics of LiFePO 4 are included, such as a strong anisotropic diffusion, 26 significant coherency strain, 5, 6 orientation-dependent surface energy, 5, 27, 28 etc. The exact prediction of LiFePO 4 is therefore beyond the scope of this paper. Even though simplifying assumptions have been made and the cell considered here is geometrically and microstructurally simple, the analysis of the resulting dynamics provides valuable insights that lead to better understanding of multiparticle battery kinetics.
Model
Two sets of the governing physics are (1) the mass conservation law describing concentration evolution in the electrode particles and (2) Arrhenius-type rate dependence of the reaction that occurs at the particle-electrolyte interfaces. We assume that the particles are electronically well connected via conductive coatings and additives, such that the electrostatic potential in the particles, φ p , is uniform throughout the particles. We also consider that the salt concentration in the electrolyte, C e , and its electrostatic potential, φ e , are uniform. These assumptions are well justified because the size of the cell is very small.
To model the concentration evolution in the particles, we use the Cahn-Hilliard equation,
where the local reaction rate serves as a boundary condition at the particle-electrolyte interface,
Here, C p is the concentration of Li in the particle, t is time, M p is the mobility of Li in the particle, V p is the bulk region of the particle, μ p is the chemical potential of Li in the particle, μ b is the bulk chemical potential, κ is the gradient energy coefficient that contributes to the energy penalty for forming an interface, n is the inward unit normal vector of the particle surface, ρ is the interstitial site density, J is the Li flux, r Li is the local reaction rate per cathode-particle area (given later), and A represents the particle-electrolyte interfaces. We assume constant, isotropic mobility for simplicity. (The results would remain qualitatively similar if the diffusivity were considered anisotropic, which is the case for LiFePO 4 .
26 ) The gradient coefficient is a tensor as we consider anisotropic interfacial energies,
The bulk chemical potential is obtained by a polynomial fit 29 of the single-particle equilibrium potential calculated from first principles,
The variable x represents the Li site fraction which is defined as x = C p /ρ. Note that, in this model, we neglect coherency strain because the purpose of this work is to model the interaction between the particles -not the dynamics within a single particle. However, qualitatively similar behavior would be expected if coherency strain were included. The electrochemical reaction rate for Li intercalation is modeled using the Butler-Volmer equation:
where α is the transfer coefficient, η is the overpotential at the particleelectrolyte interface, and i 0 is the exchange current density. The overpotential at a point on an interface is defined as η = φ − φ eq , where φ = φ p − φ e , and φ eq is the single-particle equilibrium potential. Here, φ eq = V OC − μ p /F, 14, 25, 29 with a reference value at the experimentally measured open circuit voltage plateau, V OC = 3.42 V 31 measured with respect to a Li metal anode. The resulting lower and upper spinodal points (the local minimum and maximum of the singleparticle equilibrium potential) are located at x = 0.05 and x = 0.93, respectively. The concentration range between the spinodal points is referred to as the spinodal region. In the simulations, φ corresponds to the cell voltage as both the electrostatic potential in the particles and in the electrolyte are assumed uniform and no other loss is considered. We impose the current loading by an average constant current density, i, normalized by the total particle surface. Note that the average current density corresponds to different C-rates (which are normalized by total particle volume) in the different cases studied here because the surface-to-volume ratio also changes when the size of the particles is changed. Table I lists the parameters used in the simulations. We employ the smoothed boundary method (SBM) 34, 25 to combine the Cahn-Hilliard equation (Eq. (1)) with the reaction rate boundary condition (Eq. (5)):
where ψ is the domain parameter, which is equal to one in the particle domain, zero in the electrolyte, and 0 < ψ < 1 at the particleelectrolyte interfaces. The details of the SBM method are available elsewhere. 25, [34] [35] [36] We set κ to be anisotropic to obtain a preferential phase separation in one direction, as observed in LiFePO 4 . For this purpose, κ is set to be κ x = 1.04 × 10 4 ) The detailed dynamics of the phase separation is beyond the scope of this work, as we focus here on the interactions. It should also be noted that coherency strain may contribute to the suppression of phase separation, and therefore the value of κ may be thought to mimic for such effect in an approximate manner. We refer the reader to the existing literature for the dynamics of phase transformation in individual particles. [4] [5] [6] The simulation configuration is now described. A computational domain of dimensions 48 × 90 × 48 is employed. To model the three sets of two particles of different sizes, the grid spacing is varied between sets. With such approach the resolution is fixed while the particle size changes. The radius of the larger particle, r 2 , corresponds to 1.75 times the radius of the smaller particle, r 1 . The two particles are immersed in an electrolyte with a concentration of 1M. The particles are placed at a distance of 4r 1 from each other, measured from center to center, with center positions at (2.4r 1 , 2.5r 1 , 2.4r 1 ) and (2.4r 1 ,6.5r 1 , 2.4r 1 ). Even though the smaller particle has a low resolution, the differences between the numerical and the theoretical values of the surface and volume are ∼1%, which is the error expected in all simulations where concentration in the particle is nearly uniform. For cases with phase separation this error can be larger. In the simulations, both particles are initially nearly fully delithiated. (For numerical stability we select an initial Li site occupancy of 2%.) We employ a central finite difference scheme for spatial discretization. An Euler explicit time stepping scheme is used to solve for the concentration evolution. The electrostatic potential difference between the electrolyte and the particles, set through the boundary conditions, is adjusted to obtain the desired current. Even though we focus on the lithiation process in this paper, the dynamics observed during delithiation are qualitatively similar. is fully suppressed. For this purpose, we set the diameter of the smaller and larger particle to 10 nm and 17.5 nm, respectively, by defining the grid spacing as 0.5 nm. We examine three values of applied current (i) i = 6% i 0 , (ii) 18% i 0 , and (iii) 54% i 0 which correspond to (i) C/3.1, (ii) 1C and (iii) 2.9C.
Results

Interparticle
We first examine the i = 6% i 0 case. Snapshots of the particles' concentration evolution and their corresponding depth of discharge (DOD) during lithiation for this case are presented in Figs. 1 and 2a, respectively. Note that the abscissa in Fig. 2a is the cell DOD, which is linearly related to time because of the constant current condition. (g) 
Color shades indicate the states of the particles: "stable + stable" (darker blue), "unstable + stable" (gray), and "unstable + unstable" (lighter blue). In (a), (c), and (e), the DODs corresponding to the concentrations at the spinodal points are shown by black dash-dot lines. Additionally, the cell DOD (a straight line with a slope of one) is shown in black solid line to provide a reference; curves located above indicate faster lithiation than the cell average, while curves below indicate slower lithiation than the cell average. (g) Voltage evolution for the three current conditions simulated, each plotted for two different governing equations for concentration evolution: the Cahn-Hilliard equation (solid) and Fick's Law of diffusion (with markers). This verifies that two dynamics yield nearly identical results. In (b), (d), (f), and (g), the single-particle equilibrium potential is included as a reference as a function of particle DOD, rather than cell DOD.
) unless CC License in place (see abstract). ecsdl.org/site/terms_use address. Redistribution subject to ECS terms of use (see 18.51.1.88 Downloaded on 2016-03-24 to IP Both particles are initially at a DOD of 2% (Fig. 1a) . The smaller particle lithiates faster than the larger particle because of its greater surface area per volume. Shortly after the DOD of the smaller particle exceeds the lower spinodal point, the particle rapidly transitions to a nearly fully lithiated state ( Fig. 1b and 1c) . During the fast lithiation of the smaller particle, Li is extracted from the larger particle. After the smaller particle is nearly fully lithiated, the larger particle begins a steady lithiation (Fig. 1d) , extracting a small amount of Li from the smaller particle, until the completion of its lithiation. This lithiation process is facilitated by interparticle phase separation, during which one particle undergoes a rapid transformation to the lithiated state and extracts lithium from the other particle, resulting in a sequential transformation of the particles.
To explain the behavior of the system, we examine the voltage of the cell. The cell voltage of the process is shown in Fig. 2b curve (I) for the case of i = 6% i 0 , along with the equilibrium potential of the particles (curves (II) and (III)). In Fig. 2 , we denote three different regimes with different shades: "stable + stable" (darker blue), "unstable + stable" (gray), and "unstable + unstable" (lighter blue). These regimes indicate the combination of the state of the two particles. We define a stable particle as a particle with a concentration outside the spinodal region, and an unstable particle as one with a concentration within the spinodal region. We refer to the states in this manner because as an unstable particle lithiates, its driving force for lithiation increases and the lithiation accelerates if the cell voltage remains constant. This is not the case for a stable particle, for which the driving force decreases as it lithiates. At the beginning of the process, both particles are stable ("stable + stable" zone 1 in Fig. 2b ). When the smaller particle exceeds the lower spinodal point, fast lithiation begins because the driving force for Li intake increases due to the non-monotonic shape of the single-particle equilibrium potential ("unstable + stable" zone 2, not marked in the figure). Shortly after, the larger particle also exceeds the lower spinodal and becomes unstable ("unstable + unstable" zone 3). However, the smaller particle is more lithiated by then and has much larger driving force for lithiation than the larger particle. Thus, the smaller particle supplies all of the current. The cell voltage rises such that the larger particle has a driving force for delithiation. The Li released by the larger particle into the electrolyte is absorbed by the smaller particle, generating an interparticle flux. The larger particle delithiates until it returns to a stable state ("unstable + stable" zone 4). A large sudden increase of the voltage occurs as a response to the increasing equilibrium potential of the smaller particle with increasing Li concentration. When the smaller particle reaches the upper spinodal, both particles become stable ("stable + stable" zone 5). Thus, the voltage decreases to compensate for the decreasing equilibrium potentials with increasing Li concentrations at this stage. When the larger particle lithiates and becomes unstable ("unstable + stable" zone 6), the voltage begins to increase in response to the increasing equilibrium potential of the larger particle. In the meantime, the smaller particle remains stable and undergoes a small partial delithiation. When the larger particle reaches a nearly fully lithiated state ("stable + stable" zone 7), the smaller particle resumes lithiation. The process completes when both particles become fully lithiated.
The voltage behavior in Fig. 2b can be explained as follows. The results show a sudden increase or decrease in the voltage when one of the particles enters or exits the spinodal region and thus changes from a stable to an unstable state or vice versa. When both particles are stable or both are unstable, the cell voltage is determined by the combination of the driving forces for the insertion on both particles. Conversely, when one particle is stable and the other is unstable, the voltage is set approximately by the driving force required to apply current to the unstable particle. The overpotential required for the cell lithiation at the given current is primarily provided by the difference between the cell voltage and the equilibrium potential of the unstable particle because |η unstable particle | |η stable particle |. For the stable particle, which can be either nearly fully lithiated or delithiated, its concentration evolves only by a small amount to maintain its equilibrium at the cell voltage (observed in the "unstable + stable" zones in Fig. 2b) . Thus, it tends to have an equilibrium potential nearly equal to the applied voltage. The steep slope of the voltage outside the spinodal region allows the stable particle to remain near equilibrium with the unstable one through small changes in its DOD.
We present two schematics to illustrate the interparticle phase separation. For this purpose we first define the "inverted potential range." The inverted potential range is the voltage range between the local minimum and the local maximum of the single-particle equilibrium potential, as plotted in Fig. 3 . Lithium redistribution can only occur when the applied cell voltage is in the inverted potential range, such that one particle has a positive overpotential while the other has a negative overpotential. As noted earlier, the cell voltage in our simulations is equal to φ because the electrostatic potentials of the particles and electrolyte are assumed to be uniform and no other loss is considered. Figure 3a schematizes a scenario in which this criterion is met, leading to the interparticle phase separation. In contrast, Fig. 3b schematizes the scenario where the cell voltage is not in the inverted potential range and both particles have a driving force for lithiation. At the current density of i = 6% i 0 , the cell voltage enters the inverted potential range at nearly the lower spinodal point; see Fig. 2b curve (I). In this case, the difference between the applied voltage and the single-particle equilibrium potential is small. Thus, the difference in Li concentration between the spinodal point and the onset of the interparticle phase separation (i.e., when the larger particle begins partial delithiation) is also small. The difference between these two concentrations has been referred as the "concentration overshoot" and analyzed extensively in Ref. 25 .
We examine the particle interactions in response to the magnitude of the applied current by imposing two additional different rates: (ii) i = 18% i 0 and (iii) i = 54% i 0 in addition to (i) i = 6% i 0 studied above. Figure 2c shows the DOD of the particles for case (ii). At this rate, the larger overpotential increases the DOD at which the voltage enters the inverted potential range (Fig. 2d curve (I) ) and consequently increases the concentration overshoot. begins fast lithiation, the larger particle has undergone substantial lithiation. Thus, the larger particle cannot release enough lithium to return to a stable concentration and remains unstable. Unlike case (i), the equilibrium potential of the larger particle does not follow the applied voltage during the fast lithiation of the smaller particle because the larger particle remains unstable during this process ("unstable + unstable" zone in Fig. 2d ). Consequently, a large, sudden change (increase or decrease) of the voltage does not occur, and both particles transform simultaneously. Instead, only a small voltage drop is observed, reflecting that the smaller particle becomes stable (beginning of "unstable + stable" zone, DOD ∼25%). Figures 2e and 2f show the DOD and cell voltage for case (iii), where the larger particle does not undergo any partial delithiation during the process. In this case, the overpotential is sufficiently large that the cell voltage barely enters the inverted potential range prior to the lithiation of the smaller particle, thus preventing the interparticle phase separation (Fig. 2f  curve (I) ). At these two current densities, it can be considered that the particles undergo a simultaneous transformation. As current density increases, the lithiation is more dominated by the case schematized in Fig. 3b as opposed to the case in Fig. 3a . The change from sequential to simultaneous transformation as rate increases is explained in detail in our previous work 29 and is consistent with recent experimental observations.
18, 38 (Li et al. 38 recently demonstrated that the number of particles reacting simultaneously increases as insertion rate increases until the active population saturates.)
We now provide a validation demonstrating that Fick's diffusion can be a good approximation for scenarios in which intraparticle phase separation is suppressed. In our previous work, 25, 29 where much larger computational domains were employed, Fick's diffusion was used to approximate the Cahn-Hilliard equation with large κ. We performed this approximation because larger stable time steps can be used when solving for Fick's diffusion, reducing the computational costs. Here, we compare the results when the Cahn-Hilliard equation (Eq. (1)) is replaced with Fick's diffusion equation (which is computationally more efficient),
where D p is the diffusivity of the particles, again assumed constant and isotropic. The SBM version of Fick's diffusion can be found elsewhere. 25 Figure 2g compares the voltages calculated with the Fick's approximation and the Cahn-Hilliard equation. The markers in Fig. 2g indicate the results of the simulations using Fick's diffusion, while the solid curves indicate the Cahn-Hilliard simulation results. The two results show excellent agreement. For the given κ the maximum difference is 0.7%. We do not include the resulting particle DODs because the curves overlap each other.
Intraparticle phase separation.-
We now analyze the dynamics in which the particles undergo intraparticle phase separation. For this purpose, we set the diameter for the smaller and the larger particle to 40 nm and 70 nm, respectively, by using a grid spacing of 2 nm.
We first describe the concentration evolution of the particles at (i) i = 6% i 0 (corresponding to C/12.5), shown in Fig. 4 . Some locations of the smaller particle reach the lower spinodal point before any region of the larger particle because of its larger area per volume. At this time, the smaller particle undergoes intraparticle phase separation; see Fig. 4a . During the two-phase lithiation of the smaller particle, the larger particle is partially delithiated and then remains inactive in a Li-poor phase. The partial delithiation of the larger particle indicates the presence of an interparticle flux. The Li-rich phase in the smaller particle then grows until the particle is nearly fully lithiated; see Fig. 4b . Afterwards, the larger particle re-lithiates via a two-phase lithiation process; see Fig. 4c . The Li-rich phase grows in the larger particle until it becomes fully lithiated. This low-current behavior is consistent with the domino-cascade model described in Ref. 23 . As previously described, the two particles exhibit a sequential lithiation. We refer to the cell voltage to explain the process in detail. Curve (i) in Figs. 5a and 5b shows the DOD of the larger and the smaller particle, respectively, and curve (i) in Fig. 5c shows the voltage response. When the local concentration of the smaller particle reaches the spinodal point, nucleation of the Li-rich phase occurs and the voltage increases (point (1) in Fig. 5c inset) . During the lithiation of the smaller particle, the voltage remains at a value higher than the value corresponding to the lower spinodal (the local minimum in the equilibrium potential), preventing nucleation in the larger particle. (Figure 6 schematizes the lithiation via a two-phase process.) The voltage further increases when the two Li-rich domains in the smaller particles start to contact each other 8 (between Fig. 4a and 4b and point (2) in Fig. 5c inset) . During the merging of the two Li-rich domains and after the smaller particle becomes monophasic, the voltage response of the cell is similar to that of a solid solution. A voltage drop follows when the smaller particle reaches the upper spinodal. At this point, the larger particle undergoes intraparticle phase separation, resulting in a flat voltage during the growth of the two Li-rich domains and in a voltage increase when the Li-rich domains contact each other. We have performed a simulation at a lower current (a tenth of the lowest i 0 considered here) and verified that the behavior described here prevails at the low current limit. The only differences are that the sudden rises and drops of the voltage are slightly more pronounced, the voltage plateaus more evident at lower currents, and the voltage slightly higher due to the smaller overpotential required at this low current. The results for i = 0.6% i 0 are not included because they are nearly identical to the i = 6% i 0 case. (c) (b) (a)
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Single-part. eq. pot. Figure 6 . A schematic representing the criteria for intraparticle phase separation (assuming the cell voltage is equal to φ, as in our simulations). (a) In order for a Li-rich phase to be nucleated, a voltage value lower than the lower spinodal point is required. (b) Once a particle is phase separated, the cell voltage can fall inside the inverted potential range and maintain its overall driving force for lithiation. The circles denote the state of a phase in terms of the DOD and the equilibrium potential. The squares denote the equilibrium potential for composition over the interface (without accounting for the energy penalty term).
As in the previous section, we also simulate the lithiation processes at higher currents, (ii) i = 18% i 0 (C/4.2) and (iii) i = 54% i 0 (C/1.4). The DOD of the particles and the voltage are shown in Fig. 5 . At these two current densities, we observe that nucleation of the Lirich phases in both particles occurs almost simultaneously. The larger overpotentials (resulting from the higher current densities) and the faster dynamics of the lithiation processes cause the larger particle to phase separate before the voltage increases as a response to the phase separation of the smaller particle. Thus, the two particles lithiate simultaneously, as can be inferred from the monotonic increase of particle DOD vs. the cell DOD in Fig. 5a and 5b. In both case (ii) and (iii), the smaller particle completes lithiation at an approximate cell DOD of 50% because of its larger area per unit volume compared to that of the larger particle. We observe that the voltage increases when the Li-rich domains in the smaller particle come into contact with each other; thus, the smaller particle transitions from a two-phase state to a single-phase state. The larger particle continues reacting until it becomes nearly fully lithiated, similarly causing a voltage increase at the end of its lithiation when the Li-rich domains contact each other. Both curves (ii) and (iii) in Fig. 5c exhibit two voltage plateaus. The first plateau is determined by the intraparticle coexistence of the Lirich and Li-poor phases in the two particles. 12 The second plateau occurs when the larger two-phase particle and the smaller particle that is nearly fully lithiated exist at the same time. The voltage of the second plateau is lower than the first plateau. This is because the smaller particle is already fully lithiated and thus only the surface of the larger particle remains active, requiring a higher overpotential to maintain the imposed constant current. The slight positive slope can be attributed to the increase in the reactive interfacial area as a result of the growth of the Li-rich phase (for the assumed geometry), which requires a reduction in the overpotential to maintain a constant current.
We conclude that the general dynamics of the two-phase lithiation described here is similar to the case in which intraparticle phase separation is suppressed. Figure 7 overplots the results from Fig. 2 and Fig. 5 for i = 6% i 0 and i = 54% i 0 . At low current densities, particles transform sequentially, whereas the sequential transformation is suppressed at high current densities (in agreement with Ref. 38 , in which a similar transition from sequential to simultaneous transformation is also observed for both the case of two-phase lithiation and the case of suppressed intraparticle phase separation). However, there are some differences between the two cases. The most distinguishable difference is that, in the intraparticle phase-separation case, the cell voltage is flat instead of being curved (Fig. 7c) , which is expected for a twophase growth during the lithiation of the individual particles. 12 (Note that this difference cannot be observed in cells with many particles because the voltage oscillations vanish. 12 ) Even though a simultaneous lithiation of the two particles is observed at i = 54% i 0 , the intraparticle phase separation yields more uniform reaction over the two particles. In comparison to the interparticle phase-separation case, the larger particle lithiates faster (Fig. 7a) and the smaller particle lithiates slower (Fig. 7b) when the DOD is smaller than ∼60%. This is because, during the simultaneous two-phase lithiation process, (1) the two particles are closer to being in equilibrium with each other and (2) the particles follow a lower free energy path (accessible due to the lower interfacial penalty of this case). Consequently, the particles experience a more similar driving force for lithiation compared to that experienced by monophasic particles with different DODs. Furthermore, because the particles can attain equilibrium easily, the interparticle flux observed here is smaller. However, these differences do not result in qualitative differences in the overall dynamics.
Combined intraparticle and interparticle phase separation.-We explore the last case in this study, where the cell contains a smaller particle in which intraparticle phase separation is suppressed and a larger particle in which intraparticle phase separation is favorable. In this case, we set the diameter for the smaller and the larger particle to 20 nm and 35 nm, respectively, by setting the grid spacing to 1 nm.
The concentration evolution for this case at i = 6% i 0 (corresponding to C/6.3) is shown in Fig. 8 . As in the other two cases, the smaller particle lithiates faster than the larger one initially due to its larger area per volume. As described in the interparticle phase separation case discussed earlier, there is a concentration overshoot before the interparticle phase separation can occur (i.e., a difference between the spinodal point and the onset of the interparticle phase separation). 
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Cell DOD Spinodal pts. However, in this case, before the smaller particle can begin interparticle phase separation, the larger particle undergoes intraparticle phase separation, as intraparticle phase separation can occur as soon as some regions of the larger particle reach the spinodal point; see Fig. 8a . The smaller particle partially delithiates when the larger particle nucleates the-Li rich phase and remains delithiated during the lithiation of the larger particle. The larger particle continues its two-phase lithiation process until it is nearly fully lithiated; see Fig. 8b . After it reaches a concentration above the upper spinodal point, the smaller particle lithiates via a solid solution; see Fig. 8c . We now describe the voltage response. Figure 9 shows the DOD of the two particles (curve (i) in Fig. 9a and 9b ) and the voltage of the cell (curve (i) in Fig. 9c ). The voltage response of the cell differs significantly from those in the previous sections (curves (i) in Figs. 2g and 5c), which can be understood as the consequence of the inverted sequence of reaction of the particles; i.e., the larger particle reacts first. A flat voltage plateau in the cell DOD between ∼15% and ∼50% represents the two-phase lithiation of the larger particle. Then, an increase in the voltage is observed as a response to the merging of the two Li-rich domains in the larger particle. This increase in the voltage lasts for a larger fraction of the cell DOD because the interfaces contact each other earlier as a consequence of the thicker interface (caused by the larger value of κ x in this case). After the concentration in the larger particle reaches the upper spinodal, the voltage decreases, allowing the smaller particle to lithiate. The voltage increases around a DOD of ∼85% without a plateau as a response to the monophasic lithiation of the smaller particle. The latter part of curve (i) in Fig. 9c resembles the earlier part of curve (i) in Fig. 2g , and the earlier part of curve (i) in Fig. 9c is reminiscent of the latter part of Fig. 5c curve(i) .
The reversal in the sequence of reaction of the particles can be explained thermodynamically at the low current limit. For this purpose, we compare two thought experiments, one in which the smaller particle reacts first and another in which the larger particle reacts first. Figure 10 shows the energy path of these particles. In both cases, we consider particles with similar, uniform concentration slightly larger than the lower spinodal point. In the first thought experiment, the free energy of the smaller particle increases when it starts lithiating, as illustrated by the red arrow in Fig. 10a . During the fast lithiation of the smaller particle, Li is extracted from the larger particle. Thus, the larger particle undergoes partial delithiation and its free energy decreases. This is shown by the blue arrow in Fig. 10a . On the contrary, in the second thought experiment in which the larger particle reacts first, the free energy of the larger particle decreases when the larger particle undergoes phase separation, as illustrated by the blue arrow in Fig. 10b . This is because the lithiation of the larger particle would lead to phase separation, which allows the particle to reach a lower energy state that contains Li-rich and Li-poor phases. In the meantime, the smaller particle undergoes partial delithiation and thus its free energy also decreases, as illustrated by the red curve in Fig. 10a . In short, the free energy of the two particles decreases when the larger particle reacts first, whereas it only decreases for the larger particle when the smaller particle reacts first. Therefore, we deduce that it is thermodynamically more favorable for the larger particle to phase separate before the smaller particle undergoes fast lithiation as it leads to free energy reduction of both particles.
As in the last sections, we also analyze the lithiation processes at (ii) i = 18% i 0 (C/2.1) and (iii) i = 54% i 0 (1.4C); see Fig. 9 . At the current of i = 18% i 0 , the sequential transformation of the particles (the larger one followed by the smaller one) still prevails. As can be seen in curve (ii) in Fig. 9b , a larger partial delithiation of the smaller particle (and thus a larger interparticle flux) is observed than at i = 6% i 0 (case (i)). The voltage response for this case is very similar to that for case (i), but with a larger overpotential. At a current of i = 54% i 0 (case (iii)), simultaneous lithiation occurs. As in the other higher-current-density cases, the smaller particle lithiates faster than the larger particle due to its larger surface area per volume. In this case, the voltage response is similar to curve (iii) in Fig. 2g , with the exception that a small voltage plateau appears (from ∼50% to ∼60% in the cell DOD), corresponding to the two-phase state of the larger particle after the small particle reaches the upper spinodal.
Discussion
As previously mentioned, whether nanoparticulate phaseseparating materials (such as LiFePO 4 ) react through interparticle phase separation, intraparticle phase separation, or a combination of both remains a topic of debate. We have here shown that all of these three cases give rise to particle interactions via Li redistribution at sufficiently low currents. The dynamics resulting from the three cases are qualitatively similar. Specifically, (1) one particle can delithiate as the other particle undergoes rapid lithiation, (2) this leads to interparticle flux, and (3) the voltage can suddenly change to maintain a constant current. However, there are two main differences between them. The first difference is the voltage of the cell, and the second is the sequence of reaction of the particles. As previously demonstrated, 12 the intraparticle phase separation is marked with plateaus in the voltage curve, while for a small number of particles the interparticle phase separation is accompanied by a continuous increase in the voltage followed by a rapid increase. The order in which the particles react can vary depending on the phase-transformation path: if all particles in a cell can internally phase separate, or instead cannot phase separate and remain monophasic, the smaller particle would lithiate first. However, in a cell with some particles that phase separate internally and others that remain monophasic, this order may be reversed.
These differences are important because they can be exploited to identify the actual phase-transformation path occurring in a physical 
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Single-part. eq. pot. Cell DOD Spinodal points (b) , and the single-particle equilibrium potential in (c), as described in more detail in Fig. 2. ) unless CC License in place (see abstract). ecsdl.org/site/terms_use address. Redistribution subject to ECS terms of use (see 18.51.1.88 Downloaded on 2016-03-24 to IP (a) Smaller particle reacts first (b) Larger particle reacts first Figure 10 . Thermodynamic origin of the sequence change of reaction of the particles when the larger particle can phase separate but the smaller particle cannot.
(a) The smaller particle reacts before the larger one. (b) The case in which the larger particle reacts before the smaller one. In case (a), the free energy of the larger particle decreases, but the free energy of the smaller particle increases. In case (b), the free energy in both particles decreases, and thus it is the lower-energy path.
system. While the voltage responses are distinct for the three cases in a two-particle configuration (or other configurations with few particles), such fluctuations are averaged out in a cell with many particles. Therefore, it is not possible to differentiate the phase-transformation path based on the voltage. However, the order in which particles react may provide a tool for differentiating the mixed case, i.e., that contains both (presumably smaller) particles that do not phase separate within themselves as well as (presumably larger) particles that can internally phase separate. Experiments can be designed to examine the lithiation behavior of systems containing particles with various distributions of sizes at low currents. If larger particles lithiate before nearby smaller particles, it is an indication that the system is a mixture of particles that phase transform via intraparticle phase separation and those that phase transform via interparticle phase separation. The particle size at which this transition occurs may indicate the critical particle size at which the phase-transformation path changes. However, it is important to note that a small monophasic particle might still react before a large phase-separating particle if their sizes are significantly different. The presence of both interparticle and intraparticle phase separation (along with interparticle connectivity 29 ) may help explain the lack of an obvious sequence of reaction of the particles observed in the experiments of Chueh et al. 39 However, as discussed in our previous work, 29 for a strong particle-size dependence to prevail, adequate ionic and electronic connectivities through the electrolyte and electron-conducting phase, respectively, are required. Additionally, direct contact between particles should be avoided as they would provide an alternative transport path for Li that prevails even at higher currents because it does not involve an electrochemical reaction. These conditions are not usually met in working cells. Therefore, the cells used in experiments that aim to identify the critical particle size must be constructed carefully to yield these conditions. Based on the insights from this paper, a porous electrode model, in which the concentrations in the particles are assumed homogeneous within the individual particles, could be enhanced to effectively represent a cell that contains particles that can phase separate as well as particles that cannot phase separate. Instead of explicitly modeling the phase separation of the larger particles, the phase separation of these particles could be accounted for by using a correction factor in their reaction rate. This correction factor could be calculated in such a way that, at low currents, the phase-separating larger particles react before the smaller particles in which phase separation is suppressed.
This work demonstrates that the qualitative results observed in our previous studies on the dynamics of many-particle systems, 25, 29 which assume that particles remain monophasic, apply to cases where all particles undergo intraparticle phase separation. However, it also shows that the dynamics would change quantitatively and qualitatively when the system contains both two-phase and monophasic particles.
Conclusions
We explored phase-separation kinetics in a cell containing two nanoparticles that exhibit a tendency to phase separate. In particles that do not undergo intraparticle phase separation, we have identified the relationship between cell voltage and the concentration of both particles. A particle with a concentration within the spinodal region (i.e., an "unstable" particle) has a stronger effect on the voltage than a particle outside the spinodal region (i.e., a "stable" particle). In the three scenarios studied in this paper, a sequential lithiation was observed at low currents, whereas a simultaneous transformation was observed at higher currents. In cells containing only particles that phase separate or only particles that remain monophasic, the smaller particles react first during a sequential transformation process. However, the order in which the particles phase transform can be reversed in cells containing one particle that phase separates and another that remains monophasic. In such a case, which could arise if the smaller particle is sufficiently small to prevent phase-boundary formation within it while the larger particle is large enough to nucleate a second phase, the larger particle tends to transform before the smaller particle during a sequential transformation. When sequential lithiation occurs through either intraparticle or interparticle phase-separation mechanisms, a partial delithiation accompanied by interparticle flux emerges. Interparticle fluxes will result in internal resistive losses, higher local currents, and additional particle expansion-contraction cycles, 29 which are undesirable for battery applications.
